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ABSTRACT:
This article reviews the non-perturbative structure of certain higher
derivative terms in the type II string theory effective action and
their connection to one-loop effects in eleven-dimensional supergrav-
ity compactified on a torus. New material is also included that was
not presented in the talks. 1
1Based on talks given at the ICTP Conference on Duality Symmetries in String Theory,
7-12 April 1997; STRINGS ’97, Amsterdam, June 16-21 1997; CERN Workshop on Non-
perturbative Aspects of Strings, Branes and Fields, 8-12 December 1997.
1 Introduction
Many features of M-theory follow directly from the strong algebraic constraints
associated with the symmetries of the theory rather than specific details of
any microscopic model, such as the matrix model. Certain of these prop-
erties must be inevitable consequences of eleven-dimensional supersymmetry.
Others may depend on assuming the validity of the intricate web of duality
inter-relationships between the perturbative string theories. Presumably a mi-
croscopic description, perhaps based on the matrix model, is needed to define
the theory on all length scales — indeed, to define the very notion of a length
scale. But it is of interest to determine the extent to which terms in a low-
momentum expansion of the M-theory effective action are determined simply
by eleven-dimensional supergravity compactified in various ways.
It has been generally assumed that since perturbative supergravity is ter-
ribly divergent in eleven dimensions no interesting consequences follow by con-
sidering its loop diagrams. However, this ignores the powerful supersymmetry
constraints which are expected to reduce the number of arbitrary constants –
but by how much? Furthermore, the eleven-dimensional quantum theory com-
pactified to ten or fewer dimensions is supposed to be precisely equivalent to
string theory and its compactifications. What mileage can be gained by exploit-
ing this equivalence as an ansatz? The lowest order terms in the expansion of
the M-theory action in powers of the momentum are the terms in the original
classical supergravity action of [1]. Certain higher order terms have also been
unambigously identified. One example is the C(3) ∧ X8 term [2] that arises as
a one-loop effect in type IIA string theory [3] and can also be motivated by
requiring the cancellation of chiral anomalies in p-branes [4]. Here C(3) is the
Ramond–Ramond three-form and X8 is an eight-form made out of the Riemann
curvature. The presence of this term in the effective action, together with su-
persymmetry, must imply the presence of an infinite number of other terms.
Some of these terms will be the subject of this article.
In the next section I will review the evidence that certain ‘protected’ terms
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in the low energy effective type II string action compactified on S1 are precisely
determined by one-loop effects in eleven-dimensional supergravity compactified
on T 2. For example the one-loop eleven-dimensional four-graviton amplitude
leads to a R4 term in M-theory 2 which is related by supersymmetry to the
C(3)∧X8 term. This term can be expressed in the type IIB coordinates by mak-
ing use of the equivalence of M-theory compactified on T 2 with type IIB string
theory compactified on S1 [5, 6]. This leads to a term of the form f(ρ, ρ¯)R4 term
in the type IIB action [7] where f is a SL(2, Z)-invariant function of the com-
plex IIB scalar field, ρ. The modular properties of the IIB theory are inhereted
from the geometric SL(2, Z) of T 2 in M-theory with ρ identified with the com-
plex structure, Ω, of the torus. The interplay between the duality symmetries
of nine-dimensional type II string theories and the one-loop eleven-dimensional
supergravity amplitude is encoded in f which contains both perturbative terms
and non-perturbative D-instanton contributions. Furthermore, even though the
eleven-dimensional loop amplitude is cubically divergent the consistent identifi-
cation of the compactified theory with the IIB theory determines a specific finite
renormalized value for the coefficient of the R4 term in eleven dimensions — this
finite value would necessarily arise as the regularized value in any microscopic
theory. In fact, since the ultraviolet divergence is proportional to the volume
of the compactification torus, it disappears in the zero-volume limit, and the
exact (non-perturbative) R4 term of ten-dimensional type IIB [8] is reproduced
by finite terms alone.
The expression for the modular function f(ρ, ρ¯) in the IIB theory will be
motivated in section 2.1 by matching the known R4 terms that arise at tree level
and one loop in string perturbation theory together with the expected structure
of multiply-charged D-instanton contributions. A single D-instanton of charge
N = mˆn can be identified, following T-duality, with configurations in the IIA
theory in which the world-line of a charge-n D-particle winds mˆ times around a
compact dimension. Precisely the same expression will be obtained in section 2.2
from the low momentum limit of the one-loop four graviton scattering amplitude
in eleven-dimensional supergravity compactified on T 2. I will also make some
2The notation R4 represents a particular contraction of four Riemann curvature tensors
that will be reviewed below.
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comments concerning the relation of the higher-order terms in the momentum
expansion of the one-loop supergravity amplitude with string loop diagrams
(related comments are made in [9]).
TheR4 term is related by supersymmetry to a large number of other terms.
In the language of the type IIB theory these terms include a sixteen-fermion
term, f16(ρ, ρ¯)λ
16, where λ is the complex spin- 12 chiral fermion [10]. This is the
analogue of the ’t Hooft fermion vertex in a conventional Yang–Mills instanton
background. These interaction terms can be expressed as integrals over half
the ten-dimensional on-shell superspace (there is no ten-dimensional off-shell
superspace formalism). Such protected terms again only receive perturbative
contributions at tree-level and at one loop in string theory and appear to be
determined entirely by one-loop diagrams in eleven-dimensional supergravity.
A brief overview of such terms is given in section 2.3.
The expressions for the instanton contributions in the expansions of these
interaction terms defines a measure on the space of charge-N D-instantons. In
[11] it was argued that this should equal the partition function of the zero-
dimensional Yang–Mills model, which is an integral over bosonic and fermionic
matrices in the Lie algebra of SU(N) [12]. This, in turn, is related to the
bulk term in the Witten index for charge-N D-particles [13, 14]. This circle of
arguments which is presented in detail in [11] will be briefly reviewed at the end
of section 2.3.
It would be very interesting to discover how much of the structure of
the string perturbation expansion can be determined from eleven-dimensional
supergravity beyond these protected terms. For example, the R4 term is the
lowest-order term in a momentum expansion of the exact four-graviton scatter-
ing amplitude in type IIB string theory. There are very likely to be terms of
higher order in momenta that are also protected by supersymmetry. To what
extent can the momentum expansion of the effective action be determined by
perturbation theory in eleven dimensions? A more limited question is to what
extent the momentum expansion of the string tree-level amplitude can be repro-
duced by eleven-dimensional supergravity perturbation theory? This depends
on the systematics of the multi-loop diagrams in eleven-dimensional supergrav-
ity as will be described in section 3. These diagrams have finite pieces that
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depend on the moduli of the compact dimensions. New primitive divergences
arise corresponding to terms which have derivatives acting on R4, denoted sym-
bolically as ∂2nR4. It would be interesting to see whether these might be deter-
mined by the same kind of arguments that led at one loop to the determination
of the R4 term. However, the arguments that I present beyond one loop are
based on dimensional analysis rather than explicit evaluation of the rather com-
plicated Feynman diagrams. In this way it is easy to see how specific multi-loop
diagrams could give specific finite terms in the M-theory action that correspond
to terms that arise from string perturbation theory. However, it seems likely
that the values of the counterterms are fixed unambiguously only at low orders
in the momentum expansion where they are protected by supersymmetry.
2 Higher-order terms in M-theory
2.1 SL(2, Z)-invariant R4 terms in type IIB
The leading perturbative contributions to the four graviton scattering amplitude
in type IIB superstring theory are of the form (in string frame)
SpertR4 =
∫ √
gB
(
ζ(3)ρ22 +
π2
3
)
t8t8R4, (1)
where gBµν is the IIB string-frame metric and
t8t8R
4 ≡ tµ1...µ8tν1...ν8Rν1ν2µ1µ2 · · ·Rν7ν8µ7µ8 , (2)
where the rank-eight tensor, t8, is defined in [15]. The first term in (1) is the tree-
level contribution [16, 17] that is of order α′3 relative to the leading Einstein–
Hilbert term. The second term is the one-loop contribution [18] and has no
dependence on the dilaton in the string frame. Non-perturbative contributions
to the t8t8R
4 term also arise from single D-instantons with charge N [8] which
give an infinite series of non-perturbative contributions that have the form
SnonpertR4 =
∑
N>0
cN (ρ2)(e
2piiNρ + e−2piiNρ¯)t8t8R
4. (3)
One way of counting these D-instantons makes use of T-duality between the
IIB and the IIA theories in nine dimensions. From the IIA point of view
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a D-instanton is associated with the world-line of a D-particle of charge n
and mass e−φ
A
n (where φA is the IIA dilaton) winding around the compact
ninth dimension of radius rA. The euclidean action of this configuration is
S = 2πmˆn(C(1)+ irAe
φA) where C(1) is the IIA one-form and mˆ is the winding
number of the world-line. After T-duality this leads to the expression S = 2πNρ
for the D-instanton action where N = mˆn. Although the coefficients cN are
probably very hard to determine directly they are fixed by the requirement
that the total action should be invariant under SL(2, Z) transformations. This
means that it must have the form,
SR4 ≡ SpertR4 + SnonpertR4 =
∫ √
gBρ
1/2
2 f(ρ, ρ¯)t8t8R
4 d10x, (4)
where f(ρ, ρ¯) is a modular function since R is invariant under SL(2, Z) trans-
formations in the Einstein frame.
The precise coefficients of the known perturbative contributions, Spert,
together with the general form of the instanton corrections motivates the sug-
gestion [8] that f is given by
f(ρ, ρ¯) = π−2
∑
(lˆ1,lˆ2) 6=(0,0)
ρ
3/2
2
|lˆ1 + ρlˆ2|3
= π−2ζ(3)E 3
2
(ρ, ρ¯), (5)
where the nonholomorphic Eisenstein series Es is defined by [19]
ζ(2s)Es(ρ, ρ¯) =
∑
(lˆ1,lˆ2) 6=(0,0)
ρs2
|lˆ1 + ρlˆ2|2s
= ζ(2s)ρs2 +
√
πΓ(s− 12 )ζ(2s− 1)
Γ(s)
ρ1−s2 +Rs. (6)
The last equality is a large-ρ2 expansion and Rs indicates a specific sum of
exponentially decreasing terms. In the special case s = 3/2 this sum is given by
R 3
2
=
∑
N>0

∑
N |mˆ
1
mˆ2

N 12 (e2piiNρ + e−2piiNρ¯)× ∞∑
k=0
(2πNρ2)
−k Γ(
1
2 − k)
Γ(− 12 − k)
,
(7)
where
∑
N |mˆ indicates a sum over the divisors of N . There are only two power-
behaved terms in the expansion (6) and they correspond precisely to the known
tree-level and one-loop terms in the R4 effective action of the IIB theory, while
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the series of exponentials in (7) correspond to D-instanton corrections with
the expected instanton number N = mˆn. This lends weight to the suggestion
that (5) is the exact result, in which case there should be a perturbative non-
renormalization theorem [8] that forbids corrections to the R4 term beyond one
loop. Recently there has been a certain amount of evidence for the validity of
such a theorem [20, 21] (although an apparent contradiction in the literature
[22] deserves closer analysis). The measure factor
∑
N |n
1
n2 in the instanton sum
(7) can be related [11] to the expression for the Witten index of relevance in the
analysis of D-particle threshold bound states [13][14] as will be described at the
end of section 2.3.
2.2 One loop in eleven dimensions
The leading low energy behaviour of the one-loop four-graviton amplitude of
eleven-dimensional supergravity compactified on a torus with radii R10 and R11
was considered in [7]. Here we will consider the complete momentum dependence
of the same amplitude (a similar argument was also given in [9]) and expand
the expression in a power series in the Mandelstam invariants, S, T and U ,
S = −(k1 + k2)2, T = −(k1 + k4)2, U = −(k1 + k3)2, (8)
so that S+T+U =0.
The terms of interest arise from the sum of all one-loop diagrams with four
external gravitons and with the graviton, gravitino or antisymmetric three-form
potential circulating around the loop. This sum is most succinctly calculated in
a first-quantized light-cone gauge formalism in which the amplitude is described
as a trace over the states of an eleven-dimensional super-particle circulating
around the loop and coupled to the four external gravitons by vertex operators
(as in [7]). The result is given by
A4 =
1
κ211
K˜[I(S, T ) + I(S,U) + I(U, T )], (9)
where K˜ is the linearized approximation to R4 (which is eighth order in momenta
and symmetric under the interchange of any pair of gravitons) and the function
I(S, T ) has the form of a Feynman integral for a massless scalar field theory. It
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is given by
I(S, T ) =
1
π5/2V2
∫ 4∏
r=1
dτr
∫
d9q
∑
{l1,l2}
e−G
IJ lI lJτ−
∑
4
r=1
p2
r
τr , (10)
where τ =
∑4
r=1 τr and qi (i = 1, · · · , 9) is the nine-dimensional loop momentum
transverse to T 2. The parameters τi label the relative positions of the four
vertices. The sum is over the Kaluza–Klein momenta (l1 and l2) in the two
compact dimensions (I, J = 1, 2) and the momenta in the legs of the loop are
given by
pr = q +
r∑
s=1
ks, (11)
where the external momenta, kµr satisfy k
2
r = 0 and
∑4
r=1 kr = 0. The partic-
ular kinematic configuration has been chosen in which the external momenta
have zero components in the directions of the torus, i.e. kIr = 0. The eleven-
dimensional coupling constant, κ11, has dimension, (length)
9/2 and will be set
equal to 1 in most of the following. The inverse metric on T 2 is defined by
GIJ lI lJ =
1
V2Ω2 |l1 +Ωl2|
2, (12)
where V2 is the volume of the torus with complex structure, Ω = Ω1 + iΩ2
(where Ω1 is an angular parameter and Ω2 = R10/R11). Setting all the kr = 0
in (10) gives the lowest-order result of [7]. The full amplitude (9) gives rise to
terms in the M-theory effective action compactified on T 2 of the form
S4 =
1
κ211
∫ √
G(9)V2h(V2,Ω; ∂2)R4d9x. (13)
The function h is a modular function of Ω and its argument ∂2 symbolically
indicates derivatives acting on the fields in R4, corresponding to the dependence
of A4 on the momenta kr.
After completing a square in the exponent of (10) and then performing
the shifted loop integral the expression becomes
I(S, T ) =
π2
V2
∫ 4∏
r=1
dτrτ
−9/2
∑
{l1,l2}
e−G
IJ lI lJτ+
1
τ
(Sτ1τ3+Tτ2τ4). (14)
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This integral is to be evaluated in the region S, T < 0 where it converges and
then analytically continued to the physical region.
The momentum-independent terms in (14) can be isolated by writing
I(S, T ) = I0 + I
′(S, T ), (15)
where
I0 ≡ I(0, 0) = π
3/2
V2
∫ ∞
0
dττ−3/2
∑
{l1,l2}
e−piG
IJ lI lJτ , (16)
which is the expression considered in [7]. It has a divergence in the limit τ = 0.
A double Poisson resummation reexpresses I0 as a sum over lˆ1 and lˆ2 that may
be identified with the winding numbers of the euclidean world-line of the super-
graviton around the directions R11 and R9 of the torus, respectively. The result
is
I0 = π
3/2
∫ ∞
0
dττ−5/2
∑
{lˆ1,lˆ2}
e−piGIJ lˆI lˆJ
1
τ
= π3/2
∫ ∞
0
dτˆ τˆ
1
2
∑
{lˆ1,lˆ2}
e−piGIJ lˆI lˆJ τˆ , (17)
where τˆ = 1/τ . This isolates the divergence in the zero winding term (lˆ1 = lˆ2 =
0). This is presumably regularized by a microscopic theory, such as the matrix
model [23], but its regularized value is also determined uniquely by requiring
that I0 reproduce the IIA and IIB string theory R
4 terms in nine dimensions.
Since the loop diverges as Λ3, where Λ is a momentum cut-off, the regularized
value of this term has the form cκ
−2/9
11 where c is a dimensionless constant. The
remaining terms in (17) depend on the volume and complex structure of T 2 and
are finite. The τˆ integral is trivial for these terms and (17) can be written as
I0 = cκ
−2/9
11 + V−3/22 ζ(3)E 3
2
(Ω, Ω¯). (18)
Substituting into (15) and (9) leads to a R4 contribution to the M-theory effec-
tive action that can be expressed in terms of the IIB theory compactified on a
circle.3
3This makes use of the usual relations between the parameters of M-theory on T 2 and the
type II string theories on S1: rA = (rB)−1 = R10(R11)
1
2 , eφ
B
= (rA)−1eφ
A
= R11/R10,
where rA is the radius of the IIA circle in string units and φA and φB are the dilatons of the
two type II theories that are related by T-duality.
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In the limit V2 → 0 the radius, rB, of the IIB circle becomes infinite and
the second term in (18) dominates, leading to an expression for the action for
the decompactified IIB theory which coincides with (4) (with f defined by (5)).
The IIB string tree-level contributions arise from terms in (17) with lˆ1 6= 0
and lˆ2 = 0 so the loop has non-zero winding only in the eleventh dimension.
The string one-loop and D-instanton terms in (4) can be extracted from the
lˆ2 ≡ mˆ 6= 0 terms in (17) by performing a Poisson summation that takes the
winding numbers lˆ1 into Kaluza–Klein charges n and identifying N = mˆn. The
n = 0 term gives rise to the term in (4) that is independent of the dilaton
(the one-loop contribution) while the charge-N D-instanton contributions in (7)
come from the N 6= 0 contributions.
Although the zero winding number term with coefficient c does not con-
tribute in the V2 → 0 limit it does contribute to the finite-V2 amplitude. By
transforming to the type IIA coordinates it is easy to see that c is the coefficient
of the one-loop contribution to the R4 term in the IIA theory in ten dimen-
sions and takes precisely the same value as the one-loop term in Spert, thereby
ensuring the T-duality of the type IIA and IIB theories [7].
There is an intriguing analogy between this calculation and the calculation
of the exact prepotential of four-dimensional N = 2 supersymmetric Yang–Mills
theory from a one-loop amplitude in five dimensions [24].
The momentum-dependent terms in I(S, T ) in (15) are contained in
I ′(S, T ) . This is evaluated by separating the l1 = l2 = 0 term from the rest,
I ′(S, T ) = I0(S, T ) +
∞∑
n=2
In(S, T ). (19)
The term with zero Kaluza–Klein momenta, I0, gives a contribution to the
amplitude that is non-analytic in the Mandelstam invariants while In is a ho-
mogeneous polynomial in S and T of degree n. After translating to string
coordinates the term I0 can be identified with a corresponding one-loop term
in string perturbation theory. The polynomials In(S, T ), In(T, U) and In(U, S)
can be identified with terms that should arise from multi-loop amplitudes in
the supergravity theory. More details are given in the Appendix which overlaps
with [9].
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Compactification of the supergravity loop amplitude to eight dimensions
on T 3 raises new issues associated with the presence of new instantons that
are identified with wrappings of the M-theory membrane world-volume around
T 3. The complete expression for the R4 term is now obtained by combining the
one-loop calculation with the constraints of U-duality [25, 7, 26]. Related issues
arise in considerations of type I/heterotic duality in eight dimensions [27, 28].
Compactification to lower dimensions raises yet more issues analogous to those
that arise in the compactification of the matrix model.
2.3 Sixteen-fermion and related terms
The f(ρ, ρ¯)t8t8R
4 term is one of a large number of terms of the same dimension
that are related to each other by supersymmetry. Prominent among these is the
analogue of the ’t Hooft multi-fermion vertex of the IIB theory,
Sλ16 =
∫ √
gBρ
1/2
2 f16(ρ, ρ¯)λ
16d10x, (20)
where λ is the complex chiral spin- 12 fermion. This field transforms with weight
3/2 under the U(1) denominator in the coset SL(2, Z)/U(1) [29, 30, 31] so that
a general SL(2, Z) transformation acts as
λ→
(
cρ¯+ d
cρ+ d
) 3
4
λ. (21)
As a consequence of SL(2, Z) invariance of the action it follows that the coeffi-
cient f16 in (20) is a non-holomorphic modular form of weight (12,−12) (where
the notation indicates the holomorphic and anti-holomorphic weights, respec-
tively).
The expression for f16 can also be obtained by a one-loop calculation in
eleven-dimensional supergravity compactified on T 2. This time the process has
sixteen external gravitini in polarization states that correspond to λ in the IIB
description. With this choice of external states the loop diagram vanishes in
the limit of eleven non-compact dimensions and is finite for generic T 2. It was
evaluated in a recent paper [10] and the result is
f16 =
1
π2
ρ
3/2
2 Γ(27/2)
∑
(lˆ1,lˆ2) 6=(0,0)
(lˆ1 + lˆ2ρ¯)
24
|lˆ1 + lˆ2ρ|27
, (22)
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where lˆ1 and lˆ2 are the winding numbers of the world-line around the cycles of
the torus. This expression has the large ρ2 expansion,
ρ
1/2
2 f16 = π
−2Γ(27/2)ζ(3)(ρ2)
2 + π−2Γ(23/2)ζ(2)
+224π23/2
∑
N>0

∑
N |mˆ
1
mˆ2

 (Nρ2)25/2e2piiNρ(1 +O(ρ−12 )), (23)
which again indicates the presence of string perturbation theory contributions
at tree-level and one-loop together with an infinite number of D-instanton con-
tributions (the anti D-instantons enter with coefficients that are of higher order
in ρ−12 ). There are presently no sixteen-fermion perturbative string calculations
in the literature with which to compare the two leading terms.
In [10] it was also shown that the functions f16 and f are related by
f16(ρ, ρ¯) = ρ
12
2 D12f(ρ, ρ¯). (24)
The covariant derivative D is defined by
Fd+2,d¯ = DdFd,d¯ = i
(
∂
∂ρ
+
d
(ρ− ρ¯)
)
Fd,d¯, (25)
where Fd,d′ is a modular form of holomorphic weight d and anti-holomorphic
weight d′ and
DkFd,d¯ ≡ Dd+2(k−1)Dd+2(k−2) · · · DdFd,d¯. (26)
The relationship (24) between f and f16 is consistent with the conse-
quences of linearized supersymmetry. The physical on-shell fields of linearized
IIB supergravity are contained in a superfield Φ(x, θ) (where θ is a complex chiral
Grassmann spinor of SO(9, 1)) satisfying the holomorphic constraint D∗Φ = 0
and the on-shell condition D4Φ = D∗4Φ∗ where D and D∗ are supercovariant
derivatives [31] . This field has an expansion in powers of θ,
Φ = ρ0 + a− 2i
g
θ¯λ− · · · − i
48g
θ¯Γµνηθθ¯Γ στη θRµνστ + · · · , (27)
where ρ0 = ρ − a is a constant background that defines the coupling constant
in the linearized theory, R is the linearized approximation to the curvature and
· · · indicates the other terms in the expansion. The matrices Γµ are SO(9, 1)
11
gamma matrices and θ¯ = Γ0θ (with no complex conjugation). The linearized
supersymmetric on-shell action has the form
S′ = Re
∫
d10xd16θ g4F [Φ], (28)
and the various component interactions are contained in the θ16 term in the
expansion of F [Φ]. In addition to the R4 and λ16 terms there are many others –
some of these are singlets under the U(1) (and arose at one string loop in [32])
while others carry a net even number of units of U(1) charge [10] (some of these
terms have also been discussed in [33]).
Although the fully nonlinear theory cannot easily be expressed in terms
of Φ the leading behaviour of the charge-N instanton term is obtained by sub-
stituting F = N−7/2e2piiNΦ
∑
N |n
1
mˆ2 into (28). In this manner the leading
instanton contributions to the R4, λ16 and related terms are all contained in a
simple superspace expression.
The expression for the measure on single charge-N D-instantons,∑
N |n
1
mˆ2 , can be read off from the expressions for the instanton contributions
to the various processes described above. This can then be compared with
the expression that should follow from the matrix description of D-instantons.
According to [12] this is determined by the partition function for U(N) ten-
dimensional supersymmetric Yang–Mills theory reduced to zero dimensions, in
which case the configuration space consists of the ten N ×N bosonic matrices,
Aµ, and sixteen N ×N fermionic matrices, ψa. The partition function is given
by
ZU(N) =
∫
d10yd16ǫZSU(N), (29)
where the center of mass super-translation zero modes have been separated from
the measure factor,
ZSU(N) =
∫
SU(N)
DADψ exp(−S(A,ψ)). (30)
This integral, which enters into the matrix model of [34], has not been explicitly
evaluated apart from the N = 2 case considered in [13][14] (which gave ZSU(2) =
5/4). However, equating it with the measure for N coincident D-instantons
12
obtained from the t8t8R
4 and related terms strongly suggests that
ZSU(N) =
∑
N |mˆ
1
mˆ2
, (31)
for all N [11]. It would obviously be of interest to check this by explicit evalu-
ation of the finite-dimensional integral (30).
3 Tree-level string theory and multi-loop super-
gravity.
We have seen that the lowest-dimensional terms in the string theory effective
action correspond to terms that arise at one loop in eleven-dimensional super-
gravity. We would now like to see whether higher-order string-theory terms can
be obtained from multi-loop amplitudes in eleven dimensions. To be explicit
we will compare the expansion of the ten-dimensional IIA string tree amplitude
with the compactification of multi-loop diagrams of eleven-dimensional super-
gravity on a circle of radius R11. The calculation of multi-loop diagrams is
obviously very difficult but we will be able to infer certain systematic properties
from dimensional considerations.
First, consider the tree amplitude for four-graviton scattering in either of
the type II superstring theories which is given by
Atree4 = e
−2φ K˜
stu
Γ(1− α′s)Γ(1 − α′t)Γ(1 − α′u)
Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u)
= e−2φ
K˜
stu
exp
(
∞∑
n=1
2ζ(2n+ 1)
2n+ 1
(s2n+1 + t2n+1 + u2n+1)
)
, (32)
where the string-frame Mandelstam invariants are related to those in the M-
theory coordinates by
s =
S
R11
, t =
T
R11
, u =
U
R11
. (33)
It is important that every term in the exponent can be expressed as a polynomial
in s and t multiplied by stu, as can be seen from the identity,
s2n+1+ t2n+1+u2n+1 = stu
[
n∑
r=1
2n−2r∑
q=0
(2n+ 1)!
r!(2n+ 1− r)! (−1)
qs2n−1−r−qtr+q−1
]
,
(34)
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where n ≥ 1. This means that the massless poles only contribute to the first
term in the expansion of the exponential.
When expressed in terms of the Mandelstam invariants in the M-theory
metric the expression (32) has the low-energy expansion,
Atree4 ∼ K˜
(
1
STU
+
2ζ(3)
R311
+
2ζ(5)
R511
(S2 + ST + T 2) +
2ζ(3)2
R611
STU
+
2ζ(7)
R711
(S4 + 2S3T + 3S2T 2 + 2ST 3 + T 4) +
2ζ(3)ζ(5)
R811
STU(S2 + ST + T 2)
+
2ζ(9)
R911
(S6 + 4S5T + · · ·+ T 6) + 4
3R911
ζ(3)3S2T 2U2 + · · ·
)
. (35)
The first term in the expansion combines with the kinematic factor, K˜, to
give the tree-level amplitude that is described by the Einstein–Hilbert action of
eleven-dimensional supergravity compactified on a circle of radius R11 = e
2φ/3.
The subsequent term, with coefficient ζ(3) is the term considered earlier that
comes from the R4 term in the effective action. We saw that this term is repro-
duced by the one-loop diagram of eleven-dimensional supergravity compactified
on a circle. The higher-order terms in (35) come from terms in the effective
action with derivatives acting on R4. The question is whether the whole series
might be reproduced by summing loop diagrams of eleven-dimensional super-
gravity compactified on a circle.
(a) (b)
Figure 1: (a) The finite part of the one-loop diagram contributing to the R4
term of compactified eleven-dimensional supergravity comes from the non-zero
windings of the circulating particles. (b) The primitively divergent R4 term
that arises from the regularized zero winding sector is regularized to a specific
finite value consistent with supersymmetry and various duality symmetries.
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We will restrict ourselves here to considering some simple multi-loop con-
tributions that should reproduce the first few terms in the low-energy expansion
of the string tree-level amplitude, (35). We have already seen that the constant
term proportional to ζ(3)(R11)
−3 comes from the finite part of the one-loop
diagram of figure 1(a). Figure 1(b) represents the counterterm for the primitive
divergence of the one-loop diagram that is regularized to a finite value by the
considerations outlined earlier.
(a) (b) (c)
Figure 2: (a) A representation of the non-zero windings of the particles circu-
lating in a two-loop contribution to four-graviton scattering. The dimension,
(momentum)20, of this finite contribution could give terms of the form s3 in
the ten-dimensional string tree-level amplitude. (b) A contribution in which
one loop is replaced by the R4 counterterm. has dimension (momentum)17 and
could contribute terms of the form s2 to the string tree-level amplitude. (c) A
counterterm for the two-loop primitive divergence.
Just as with the one-loop diagrams, there are finite contributions from
multi-loop diagrams which come from non-zero windings of the internal loops
around the compact dimension(s). At each order there is also a new primi-
tive divergence. For example, there are many two-loop diagrams that must be
summed to give the complete amplitude. These have superficial degrees of di-
vergence Λ20, where Λ is a momentum space cut-off and is O(κ11)
4. However,
we are discussing terms in the amplitude proportional to derivatives acting on
R4 so there are at least eight powers of the external momenta, reducing the
naive divergence to Λ12, or less (depending on the number of derivatives). This
leads to new (two-loop) primitive divergences indicated by figure 2(c), where the
two dots indicate the fact that this is a combination of two-loop counterterms.
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More generally, at n loops there are primitive divergences of the form Λ9n−6R4,
where the powers of the cut-off Λ may be substituted by powers of the external
momenta. The ultra-violet divergences coming from the zero winding-number
sector give rise to counterterms that are independent of R11.
However, just as with the one-loop diagrams there will be finite terms
arising from the effects of the internal propagators winding around the com-
pact direction(s). These are collectively represented, in the case of the two-
loop diagrams, by the ladder diagram in figure 2(a) which has dimension
(momentum)20. After accounting for the eight powers of the external momenta
in the overallR4, twelve powers of momenta remain that must be replaced by ap-
propriate powers of the dimensional parameters, R11 and S, T, U . This diagram
may give a contribution to the tree-level string amplitude which is proportional
to (R11)
−3. In such a contribution there are nine powers of momentum left to be
soaked up by a combination involving Mandelstam invariants. In the analogous
expressions derived from string theory, such as (35), each Mandelstam invari-
ant comes along with one power of R−111 . Thus, the nine powers of momenta
should be associated with a linear combination of S3/R311, T
3/R311, S
2T/R311
and T 2S/R311. We would like to identify this with the term in (35) that is cubic
in the invariants. At n loops the Feynman diagrams analogous to figure 2(a)
can give finite contributions of the form s3n−3 in the expansion of the string
tree amplitude (35).
In addition to these finite contributions there are also many other loop di-
agrams in which the counterterms are inserted as vertices. In fact, the diagram
with the smallest primitive degree of divergence (other than the one-loop dia-
grams of figure 1) is the one shown in figure 2(b), in which the vertex indicated
by a dot is the R4 counterterm that was required to make sense of the one-loop
diagram. Since all the particles of the supermultiplet circulate around the loop
the supersymmetric partners of the R4 vertices are also involved. These couple
the two external gravitons to two C(3)’s, or to two gravitini. Figure 2(b) is
meant to represent all diagrams of this order containing a single one-loop coun-
terterm. These have dimension (momentum)17 so that after allowing for the
eight powers of external momenta in R4 there are nine powers of momentum
left to account for. These diagrams have not been explicitly evaluated but if it
16
is assumed that they contribute to the string tree-level process there must be an
overall factor of e−2φ
A
= R−311 , absorbing three of the nine momentum powers.
Then dimensional counting implies that the the only possible finite function is
quadratic in the invariants, s, t, u ∼ S/R11, T/R11, U/R11. This quadratic term
ought to be precisely the first momentum-dependent correction to the R4 term
deduced by expanding the tree diagram. It should therefore turn out that an
explicit calculation of figure 2(b) gives the finite contribution,
2ζ(5)
R311
K˜
(
S2 + ST + T 2
R211
)
, (36)
where K˜ is the linearized approximation to t8t8R
4 and is eighth-order in the
external momenta. Although the diagram in figure 2(b) has not been explicitly
evaluated it is tempting to imagine that it has the form K˜I(S, T, U), where I is
the expression for the loop amplitude of the same geometry in scalar field theory.
This has a coefficient that includes a factor of ζ(5) just as there was a factor
of ζ(3) in the finite part of the box diagram of figure 1(a). Verifying that the
precise coefficient is the one in (36) would lend support to the suggestion that
quantum corrections to compactified eleven-dimensional supergravity coincide
with the string tree-level expressions at this order. In a similar manner the term
with coefficient ζ(7) in (35) could arise from the diagam with two R4 vertices
and two propagators. However, this exhausts the contributions from one-loop
diagrams with R4 vertices and it is not at all clear how the terms of higher order
in momenta in (35) would emerge in any systematic manner.
Of course, such diagrams also contribute to string loop effects. For exam-
ple, there are the generalizations of the non-analytic one-loop massless threshold
term, (45). In either of the type II string theories these terms can be written
symbolically as∫ √
g
(10)
E s
n
Efn(tE/sE)R
4d10x =
∫ √
g(10)e
n−1
2
φAsnfn(t/s)R
4d10x, (37)
where gE is the type II string metric in the Einstein frame. The function
fn(t/s) involves up to n powers of t/s as well as factors of log(t/(s + t)) and
log(s/(s + t)). The n = 1 case is given implicitly by (45). Since these terms
arise in string perturbation theory, which is an expansion in e2φ, it must be
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that n = 4m+ 1, where m is an integer. In the Einstein frame these terms are
independent of the dilaton so they are inert under the action of SL(2, Z) in the
IIB theory. They are therefore not constrained by S-duality. In the IIA theory
such terms are directly related to analogous thresholds in genus-(m+ 1) multi-
loop eleven-dimensional supergravity amplitudes. These Feynman diagrams are
dimensionally of the form (momentum)9m+3R4. After compactification their
contribution to the genus-(m + 1) string amplitude has a factor of e2mφ
A
=
R3m11 from powers of the coupling. The total momentum dimension of this
contribution is then written as R3m11 (momentum)
12m+3R4, which must therefore
be made up of terms of the form e2mφ
A
s4m+1fn(t/s)R
4 in the string coordinates,
using the fact that s = S/R11. This agrees in structure with the terms in (37)
if the function f contains the appropriate logarithmic terms.
There are many complications in understanding in detail the systematics
of the correspondence between the higher-loop supergravity diagrams and string
diagrams. Whereas the R4 and related terms of the same dimension are integrals
over half the superspace, terms with more derivatives are integrals over a higher
fraction of the superspace. Each power of momentum is equivalent to two powers
of θ so that terms with less than eight powers of momentum acting on R4 should
be protected and may be determined in this manner. This would include the
terms up to the ζ(3)2 term in (35) and possibly also the ζ(7) term. Whether it
is possible to go beyond this and relate terms in string perturbation theory at
higher order in the momentum expansion to eleven-dimensional supergravity is
much less obvious.
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A Momentum dependence of loop amplitude
The momentum dependence of the four-graviton amplitude is contained in the
functions In(S, T ) (n = 2, · · · ,∞) in (19). This will be a homogeneous poly-
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nomial of degree n. There is no n = 1 term after adding the contributions of
I(S,U) and I(T, U) since there is no nonvanishing linear symmetric combina-
tion. The term with zero Kaluza–Klein momenta is given by
I0(S, T ) =
1
V2
∫ 4∏
r=1
dτr(τ)
−9/2
(
e(Sτ1τ3+Tτ2τ4)/τ − 1
)
, (38)
where the −1 accounts for the fact that the constant terms are contained in I0.
The variables τr may be redefined by
ω1 =
τ1
τ
, ω2 =
1
τ
(τ1 + τ2), ω3 =
1
τ
(τ1 + τ2 + τ3), τ =
4∑
r=1
τr, (39)
which are to be integrated over the region 0 ≤ ω1 ≤ ω2 ≤ ω3 ≤ 1 so that
I0(S, T ) =
1
V2
∫ ∞
0
dτ
∫ 3∏
r=1
dωr(τ)
−3/2
(
e−Q(S,T ;ωr)τ − 1
)
, (40)
where
Q(S, T ;ωr) = −Sω1(ω3 − ω2)− T (ω2 − ω1)(1 − ω3). (41)
The integral in (40) is simply evaluated by noting that ∂I0/∂Q =
√
π
∫ ∏
dωrQ
−
1
2 so that
I0(S, T ) ≡ 2√πS
1
2 = 2
√
π
∫ ∏
dωr(−Q(S, T ;ωr))
1
2 , (42)
where, more generally, Sn is defined by
Sn =
∫ ∏
dωr(−Q(S, T ;ωr))n. (43)
Similarly, T n and Un will be defined by cyclically permuting S, T and U in the
function Q.
This non-analytic term (42) in nine-dimensional M-theory translates into
a similar term in either nine-dimensional string theory (as was also noticed in
[9]) making use of the familiar relation, by g(9) = R11G
(9), between the nine-
dimensional type II metric, g
(9)
µν , and the M-theory metric, G(9), compactified
on T 2.
Using the relation between the M-theory and string theory Mandelstam
invariants (33) it follows that
2
√
π
∫ √
G(9)R4(S 12 + T 12 + U 12 )d9x = 2√π
∫ √
g(9)R4(S
1
2
s + T
1
2
s + U
1
2
s )d
9x,
(44)
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where the expressions Ss, Ts and Us are defined in terms of the Mandelstam
invariants of string theory. The analogous expression in the limit of decompact-
ification, R10 →∞, is of the form,∫ √
G(10)R4(S lnS + T ln T + U lnU)d10x
=
∫ √
gA(10)R4(Ss lnSs + Ts ln Ts + Us lnUs)d10x. (45)
The scale of the logarithms cancels out after using the condition s+ t+ u = 0.
Both (44) and (45) have imaginary parts corresponding to the massless normal
thresholds determined by unitarity. However, the real parts, which might have
given rise to arbitrary constants, are here fixed to precise values.
The terms In(S, T ) in (19) are given by by expanding the exponential in
(14) giving,
In(S, T ) =
∫ ∞
0
dτ
τ
3
2
−n
∫ 3∏
r=1
dωr
∑
(l1,l2) 6=(0,0)
e−G
IJ lI lJτ
(−Q(S, T ;ωr))n
n!
= Γ(n− 12 )ζ(n− 12 )En− 12 (Ω, Ω¯)
∫ 3∏
r=1
dωr
(−Q(S, T ;ωr))n
n!
. (46)
Putting all the terms together the complete expression for the R4 term in the
one-loop effective action for eleven-dimensional supergravity on T 2 is given by
(13) with the function h defined by the amplitude A4 in (9) where
I(S, T ) + I(T, U) + I(U, S) =
I0 + 2
√
πW 12 +
∞∑
n=2
WnVn−
3
2
2
n!

Γ(n− 12 )ζ(2n− 1)
(
R10
R11
)n− 12
+
√
πΓ(n− 1)ζ(2n− 2)
(
R10
R11
) 3
2
−n
]
+ non− perturbative terms, (47)
and
Wn = Sn + T n + Un. (48)
The S, T or U -dependent terms in (47) exponentiate in the form eSV2 which
vanishes in the infinite volume limit, V2 →∞.
It follows from (47) that the expression for the nine-dimensional effective
action arising from the one-loop supergravity amplitude can be written in IIA
20
coordinates as∫ √
gA(9)rAR4
[
I0 +
1
rA
W
1
2
s +
∞∑
n=2
(
1
r2A
r2nA Wns
n!
+ e−2φ
A e2nφ
AWns
n!
)]
d9x
+non− perturbative terms, (49)
where
Wns = Sns + T ns + Uns , (50)
and I0 can be reexpressed in type IIA parameters, rA and φ
A. The first sum
in round parentheses gives terms of the form er
2
A
s which are exponentially sup-
pressed in the ten-dimensional limit, rA → ∞. The ten-dimensional limit in
the IIA theory is therefore given by a power series in e2φ
A
s or, for constant
dilaton, by a series of powers of g2As where gA = e
φA . Each power, n, should
presumably be identified with a contribution from a string loop amplitude of
genus n+ 1. This suggests that the leading low-momentum term at genus n of
the IIA theory should be of order (g2Ak
2)n−1, where gA = e
φA for constant φA
(and k2 represents some combination of s, t and u).
In the IIB coordinates the action becomes
∑
n
∫ √
gB(9)rBR4
[
I0 +
1
rB
W
1
2
s +
∞∑
n=2
(
1
n!
Wns
r2nB
+
e−2φ
B
n!
Wns e2nφ
B
r2nB
)]
d9x
+non− perturbative terms. (51)
All the momentum-dependent terms in this expression vanish in the limit
rB → ∞ with fixed coupling eφB . This means that these terms do not con-
tribute to the loop amplitudes of the ten-dimensional type IIB theory. However,
the four-graviton loop amplitudes are identical in the IIA and IIB theories as
a consequence of T-duality. This means that there must be terms in an ex-
pansion in powers of e2φ
B
s = g2Bs that have another eleven-dimensional origin.
For example, such terms can arise from eleven-dimensional multi-loop diagrams
compactified on a torus.
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